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Abstract
One of the main purposes of SHiP experiment is to shed light on neutrino mass generation mechanisms like
the so-called seesaw. We consider a minimal type-I seesaw neutrino mass mechanism model with two heavy
neutral leptons (right-handed or sterile neutrinos) with arbitrary masses. Extremely high active-sterile mixing
angle requires a correlation between the phases of the Dirac neutrino couplings. Actual experimental limits on
the half-life of neutrinoless double beta decay 0νββ-rate on the active-sterile mixing angle are not significative
for SHiP.
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1 Introduction
The experimental detection of neutrino mass is one of the most important evidences that new physics beyond
the Standard Model is required. In the Standard Model neutrinos can get a Majorana mass by means of the
non-renormalizable dimension five Weinberg operator [1]
1
Λ
LH˜LH˜ , (1)
where Λ is some effective scale, L andH are respectively the lepton and Higgs SU(2)L doublets where H˜ = −iσ2H∗.
Renormalization principle suggests that behind Weinberg operator it exists some extension beyond the Standard
Model, called neutrino mass mechanism. Moreover, the possible underlying theory depends on the nature of
neutrino fields, namely if they are Majorana or Dirac particles. In both cases many models have been investigated
and they can be distinguished in models where only new fermions, or scalars, or scalars plus fermions are introduced
beyond the standard matter content, and the Weinberg operator can be generated by means of three-level Feynman
diagram or radiative one [2]. The most popular model for neutrino mass known as type-I seesaw extends the
Standard Model by means of Heavy Neutral Leptons (HNL), singlets under the electroweak symmetry, that are
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the right-handed components of active left-handed neutrinos. Thus an important experimental goal in order to
better understand the origin of neutrino mass, is the detection of HNLs like in SHiP experiment [3, 4]. SHiP plans
to study masses of about (0.6 ÷ 6.0)GeV [5, 6]. It is commonly argued [7] that with type-I seesaw mechanisms
there are no detectable direct production signatures at colliders nor lepton flavor violation processes even if the
HNL mass scale is as low as O(1)GeV because in first approximation the active-sterile mixing is expected to be
proportional to √
∆m2atm
MHNL
≈ 5 · 10−11
(
1GeV
MHNL
)
, (2)
that is very suppressed compared to SHiP sensitivity [5, 6] except for symmetry protected scenarios [8] or low-
energy seesaw mechanisms like [9, 10].
In this work we study a simple neutrino mass model with two Heavy Neutral Leptons and show that the naive
expectation (2) is wrong being the upper limit of possible values of the active-sterile mixing much larger than
the one reported in expression (2). On the other hand, we find that the lower limit for the value of active-sterile
mixing set by seesaw mechanism is approximately ten orders of magnitude smaller than SHiP sensitivity. Hence,
the stronger constraints on small values of active-sterile mixing are provided by Big Bang Nucleosynthesis.
The paper is organized as follows. In Section 2, we review seesaw neutrino mass mechanisms with HNLs. We
analytically study some cases and we provide analytical expressions for the upper and lower active-sterile mixing
limits. In Section 3, we give the details of our numerical analysis, including also neutrinoless double beta decay
constraint and constraints coming from collider and BBN data, and show why the naive expectation (2) is wrong
for the upper limits. Then, in Section 4 we draw our conclusions.
2 Two Heavy Neutral Leptons seesaw and SHiP
As discussed in the Introduction, we know from neutrino physics that the Standard Model must be extended and
a well studied class of models makes use of new fermions. The most popular model in particular exploits n Heavy
Neutral Leptons or sterile neutrinos Ni with i = 1, .., n that are singlets under the electroweak symmetry and are
the right-handed components of active left-handed neutrinos νLα with α = e, µ, τ . The fields Ni are assumed to
be Majorana particles. In addition to Dirac mass interactions MD (that is a 3× n mass matrix) that couple left-
and right-handed neutrino components like in the charged lepton sector, thanks to the Majorana nature of the
new Heavy Neutral Leptons, we can have interacting couplings between Ni themselves MR (that is a n× n mass
matrix). Such couplings violate the lepton number by two units. Thus, the whole neutrino mass matrix Mν in the
(νLα , Ni) basis is a (3 + n)× (3 + n) symmetric matrix
Mν =
[
0 (MD)3×n
(MD)
T
3×n (MR)n×n
]
. (3)
This matrix is diagonalized with a unitary (3 + n)× (3 + n) matrix U such that
UTMνU ≡ diag(mν1,mν2,mν3,M1, ....Mn) . (4)
We note that the 3×3 sub-block of U is the Pontecorvo–Maki–Nakagawa– Sakata (PMNS) matrix UPMNS [11] that
is parametrized by the three mixing angles θν12, θν13, θν23 and three phases δ, α, β. The mixing angles and one of
the phases are measured in neutrino oscillation experiments (for a global analysis see [12, 13, 14]). If MD MR,
it is well known that the mass matrix (3) can be block-diagonalized and the resulting (3× 3) light neutrino mass
matrix is given by
mlightν ≈ −MD
1
MR
MTD . (5)
Since in relation (5) the heavier MR the lighter mν , such a mechanism is called seesaw: the nice feature is that if
MD is at electroweak scale (100 GeV) andMR close to the grand unification scale
(
1014 GeV
)
, then light neutrinos
are miraculously at eV scale. The seesaw mechanism given by relation (5) is referred to as type-I. Other realizations
of the seesaw mechanism make use of a scalar electroweak triplet (type-II) or a fermion electroweak triplet (type-
III). All these seesaw mechanisms are just possible realizations of the dimension five Weinberg operator (1). Apart
from seesaw, other renormalizable realizations of the Weinberg operator have been proposed like the radiative one.
For a review of all these neutrino mass mechanisms see for instance [7, 15] and references therein.
It is well known that in order to fit the two measured neutrino square mass differences ∆m2sol ≡ m2ν2−m2ν1 and
∆m2atm ≡ m2ν3 −m2ν1 by using the relation (5), at least two right-handed neutrinos are necessary, namely n ≥ 2.
So the simplest seesaw model fitting neutrino oscillation data has two HNLs, namely n = 2 and gives mν1 = 0. In
the present work, we focus on such a model hereafter referred to as 2HNL seesaw.
We compare the 2HNL seesaw with the so-called ν-Minimal Standard Model (νMSM) [16] (see also [17, 18, 19,
20, 21, 22, 23, 24]) that is another extension of the Standard Model where three right-handed are assumed instead
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of just two. Within νMSM it is possible to explain the Baryon Asymmetry of the Universe (BAU) assuming almost
degenerate HNLs at (0.1÷ 10)GeV scale (by means of leptogenesis) and provide a Dark Matter candidate at keV
scale. Even if νMSM is a very ambitious and interesting approach, seesaw mechanism could be unrelated to the
origin of baryon asymmetry and Dark Matter problems (like in 2HNL seesaw) and a model-independent analysis
of 2HNL seesaw detection with SHiP is the task of the present work. On the other hand, baryon asymmetry and
Dark Matter could be explained in a common framework not necessarily related with neutrino physics like in the
so-called Asymmetric Dark Matter scenario [25].
Within the 2HNL seesaw the neutrino mass matrixMν (3) is a 5×5 matrix and the corresponding diagonalizing
unitary matrix U is also a 5 × 5 matrix. We observe that it is always possible by means of a change of basis to
take the MR matrix diagonal with entries M1 and M2. Then it is useful to parametrize the Dirac neutrino mass
matrix MD as a function of the physical observables, the neutrino square mass differences, the mixing angles and
phases. This is given by the Casas-Ibarra parametrization [26] as
MD = UPMNS
√
mdiagν R
√
MdiagR , (6)
where mdiagν is the diagonal mass matrix with the three active neutrino masses, M
diag
R is the corresponding matrix
for the HNLs and R is an arbitrary orthogonal 3× 2 matrix given by (for normal neutrino mass ordering)
R =
 0 0cos θ sin θ
−κ sin θ κ cos θ
 , (7)
where θ = θ′ + i θ′′ is an arbitrary complex number and κ = ±1. Since we have only two right-handed neutrinos,
we take mν1 = 0 in mdiagν . We remark that such a parametrization can be used only when the relation for the
light neutrino masses (5) is valid, namely when MD MR.
Clarifying the nature and the origin of neutrino mass is the biggest challenge of neutrino physics. From one
side, neutrinoless double beta decay experiments can probe the Majorana nature of neutrinos; on the other side,
experiments like SHiP have the purpose to shed light on neutrino mass generation mechanisms by detecting Heavy
Neutral Leptons assumed in seesaw mechanisms. In SHiP right-handed neutrinos can be produced with a 400 GeV
proton beam on a heavy fixed target. Then the HNLs decay in the detector acceptance, resulting in a detectable
Standard Model final state. The decay rate is proportional to: 1) the mixings between the incoming and outcoming
Standard Model neutrino with flavor e, µ, τ and heavy sterile neutrinos; 2) the HNLs masses MN with N = 1, 2.
In principle one could have different cases depending on HNLs mass difference ∆MHNL ≡ |M2 −M1|:
• Degenerate: ∆MHNL  mν ;
• Hierarchical: ∆MHNL  mν .
In the mass range of sensitivity of SHiP, that is about (0.6÷6.0)GeV, if the HNLs masses are such that ∆MHNL .
0.1 GeV, HNLs production-decay mechanism for the Standard Model flavor α = e, µ, τ state is a function of the
mass MHNL ≡M1 'M2 and the mixing
U2α =
2∑
N=1
|Uα(N+3)|2 , (8)
where the sum is over the number of HNLs and Uα(N+3) is the unitary matrix that diagonalizes the mass matrix in
eq. (3). In order to understand the order of magnitude of the coupling of HNLs with Standard Model inclusively,
it is also useful to introduce the quantity
U2 ≡
∑
α
U2α . (9)
SHiP Collaboration considers νMSM as a benchmark model where ∆MHNL . O(1) GeV1 and therefore the
Collaboration provides the sensitivity as a function of MHNL ≡M1 'M2 and the mixing U2 [5] or U2α [6]. On the
other hand, in case of ∆MHNL & 0.1 GeV, the production-decay rate is not proportional to U2α and a generalization
requires a dedicated study (being a more complicate function of MN and UαN ) that is beyond the scope of the
present paper. Such a case is here also considered, but it is not of interest apart from an academic sense. In fact,
the mixing parameter U2 is of physical relevance in the amplitude for the processes analyzed by SHiP only for
∆MHNL . 0.1 GeV.
Using the parametrization given in eq. (7), we find (as in [28])
U2 =
mν2 −mν3
2
(
1
M1
− 1
M2
)
cos(2θ′) +
mν2 +mν3
2
(
1
M1
+
1
M2
)
cosh(2θ′′) . (10)
1Mass differences up to 0.1GeV and 2GeV are respectively considered in [27] and [28].
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where θ′ and θ′′ are respectively the real and imaginary part of the complex rotation angle. It is easy to see that
the minimum value allowed for this quantity is obtained for θ′′ = 0 and is equal to
U2min '
mν2
M1
+
mν3
M2
=
mν2
MHNL
+
mν3
MHNL + ∆MHNL
. (11)
which implies the existence of a lower bound in the plane (MHNL, U2).
It is also possible to ascertain the existence of an upper bound due to the fact that for high enough values of θ′′
the seesaw condition is not verified anymore. This implies that the input values of the Casas-Ibarra parametriza-
tion, which are chosen in the experimental range, are not the same values which result from the diagonalization
of the neutrino mass matrix. In fact, the Casas-Ibarra parametrization derives from (5), which is only valid in
the seesaw regime in which the elements of MD are much smaller than the right-handed mass. In general, that
relation receives corrections of higher orders in what we might call the seesaw ratio:
ζ =
maxij(MDij )
MHNL
. (12)
One can prove that the seesaw corrections are roughly of order ζ2.
Then the real eigenvalues and eigenvectors of the full neutrino mass matrix will differ from the input values, due to
these correction terms: in our numerical simulation, this will imply that, even if we take the input parameters to
be well within the experimental confidence range, the difference between the output and input parameters might
cause the output to be outside the experimental range and therefore excluded. As we saw before, the percentage
correction to the input parameters in the output is roughly ζ2 (times numerical factors of order unity), and thus
we expect that the lower limit will be obtained by taking a ζ2 of the order of magnitude of the smallest relative
experimental uncertainties. From these uncertainties we can expect ζ to be of order ζ ∼ 0.1: comparison with
experimental data shows that ζ ' 0.2.
The Casas-Ibarra parametrization (6) shows that we need:
ζ ' cosh θ′′
√
mν3
M1
. (13)
Since M1  mν3, we can assume θ′′ to be large and substitute cosh θ′′ ∼ eθ
′′
2 . By inverting we then find:
eθ
′′ ' 2ζ
√
M1
mν3
. (14)
If we substitute back into (10), taking the case of cos (2θ′) = 1, we find an upper limit given by:
U2max '
mν3 −mν2
2
(
1
M1
− 1
M2
)
+ ζ2
M1
mν3
(mν2 +mν3)
(
1
M1
+
1
M2
)
' ζ2 M1
mν3
(mν2 +mν3)
(
1
M1
+
1
M2
)
(15)
where we have neglected the first term which, for the given values of the precision ζ, is small by orders of magnitude
with respect to the second. We will find that such high values of U2 are already excluded from constraints coming
from collider data and consistency with the double beta decay lifetime.
The analytical bounds obtained here are summarized in table 1.
Bounds
U2max ζ
2 1
mν3
(mν2 +mν3)
(
1 + 1
1+
∆MHNL
MHNL
)
U2min
mν2
MHNL
+ mν3MHNL+∆MHNL
Table 1: Lower and upper bound for the quantity U2 defined in eq. (9). The parameter ζ is in the range (0.01÷0.1)
(see the text for details).
It will be of interest to look at the behavior of U2 as a function of ∆MHNL for a fixed value of MHNL. The
lower limit is expected to be mν2MHNL +
mν3
MHNL+∆MHNL
. If MHNL is chosen to be much larger than mν3, as of course
is natural to suppose, we find that
4
Observable Input range
sin2 θν13 (1.90, 2.39) 10
−2
sin2 θν23 (4.30, 6.02) 10
−1
sin2 θν12 (2.65, 3.46) 10
−1
∆m2atm (2.39, 2, 60) 10
−3 eV
∆m2sol (6.92, 7.91) 10
−5 eV
δ (0.83pi, 1.99pi)
Parameter Input range
α, β (0, 2pi)
θ′ (0, 2pi)
θ′′ (0, 30)
κ ±1
MHNL (0.1, 10) GeV
∆MHNL (10
−20, 106) GeV
Table 2: Observables and parameters ranges used in our numerical analysis. The measured neutrino oscillations
parameters for normal ordering are taken from ref. [12].
• for mν3  ∆MHNL MHNL:
U2min(∆MHNL MHNL) ∼
mν2 +mν3
MHNL
(16)
• for ∆MHNL MHNL:
U2min(∆MHNL MHNL) ∼
mν2
MHNL
(17)
We therefore expect that in this latter regime the value of U2min falls by a ratio of
U2min(∆MHNL MHNL)
U2min(∆MHNL MHNL)
=
mν2
mν2 +mν3
. (18)
From the previous discussion we can draw the conclusion that the physics behind the SHiP experiment critically
depends on the value of the imaginary part of the complex angle of rotation θ′′. In fact, large values of θ′′ lead to
extremely large values of the mixing. It might therefore be of interest to notice that, for extremely large values of
θ′′, the matrixMD approaches a limit structure. In fact, both cosh θ′′ and sinh θ′′ can be approximated by e
θ′′−iθ′
2 .
Therefore we have
MD ' e
θ′′−iθ′
2
UPMNS ·
 0 0√M1m2 −√M2m2√
M1m3
√
M2m3
 . (19)
3 Numerical results
We will now present the numerical results of our analysis, which will be seen to confirm the analytical results
previously derived and complement them with the limits coming from the double beta decay. Our analysis is
performed with the following steps:
• We select an arbitrary set of numerical values for θν12, θν13, θν23, ∆m2sol, ∆m2atm, δ, α, β, θ′, θ′′, κ, MHNL,
∆MHNL according to the ranges reported in table 2;
• we generate a numerical 3×2 Dirac neutrino mass matrixMD using the Casa-Ibarra parametrization eq. (6);
• we diagonalize the numerical 5× 5 neutrino mass matrix Mν using the methods described above;
• we check that the eigenvalues and eigenvectors obtained fit neutrino oscillation data;
• we take the arbitrary set of points only if all the above conditions are satisfied.
In the plots we also show the constraints on U2 provided by colliders [29], Big Bang Nucleosynthesis (BBN) [30]
and the non-observation of the neutrinoless double beta decay [31, 32, 33]. Regarding the latter, we require that
the neutrinoless double beta 0νββ half-life T 0ν1/2 is larger then the experimental limit T
0νGe
1/2 = 8.0× 1025 s [31, 32]
and T 0ν Xe1/2 = 10.7× 1025 s [33] where
[
T 0ν1/2
]−1
= A
∣∣∣∣∣ mp〈p2〉
3∑
k=1
U2ekmνk +mp
2∑
N=1
U2e(N+3)MN
〈p2〉+M2N
∣∣∣∣∣
2
, (20)
where mp = 938MeV and the numerical values for A and 〈p2〉 are taken from different nuclear models in [34]. For
each model we have verified the consistency of our results with experimental data. The different parameters are
reported in table 3.
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a b c d
76Ge:
√〈p2〉 [MeV] 159 163 190 193
136Xe:
√〈p2〉 [MeV] 178 183 208 211
76Ge: A [10−10yrs−1] 2.55 5.05 6.12 11.50
136Xe: A [10−10yrs−1] 4.41 8.74 10.40 19.70
Table 3: Numerical values for A and 〈p2〉 used in eq. (20) for different nuclear models denoted by a,b,c,d as
provided in reference [34].
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Figure 1: U2e,µ,τ vs MHNL for 2HNL seesaw. SHiP sensitivity for different flavor parameters has been taken from
[6] (colored lines). The two seesaw lines are the upper and lower limits predicted from the sole requirement of the
seesaw condition. The current experimental limits (gray bands) are: the constraints by colliders data (short-dashed
lines); the lower limits coming from BBN (dotted-dashed lines); the upper limits coming from the non-observation
of neutrinoless double beta decay lifetime (long-dashed lines.
In figure 1 we report the three quantities U2e,µ,τ as a function of MHNL where all the bands shown have been
obtained only numerically. In each panel we display the current experimental upper limits from colliders [29] and
lower ones from BBN [30], and the SHiP sensitivity [6]. The two seesaw lines mark the region allowed from the
seesaw mechanism; as the previous analytical discussion makes clear, these limits comes from the requirement of
the seesaw condition in the case of hierarchical and degenerate right-handed neutrinos. The orange line describes
instead the lower limit predicted solely in the case of hierarchical neutrinos, which roughly coincides with the
upper limit of the degenerate case. In previous works (where the νMSM model had been analysed) this line had
been considered as the effective lower limit for the region allowed from the seesaw. This is therefore the main
difference between our work and previous works on the same subject.
Finally, in the left panel of figure 2 we show our model-independent results for the allowed flavor ratio(
U2e : U
2
µ : U
2
τ
)
. Moreover, in the right panel of the same figure we depict the presents of relations that are
satisfied by the element of the full complex PMNS matrix. Indeed, by substituting the full complex PMNS matrix
into eq. (19), one can obtain a number of relations which are verified in the limit of large θ′′ in which that equation
was obtained. For example, if φ1 and φ2 are respectively the phases of the element MD11 and MD12, then they
obey
tan (φ1 + θ
′) tan (φ2 + θ′) = −1 . (21)
This relation has been verified to hold in the limit of large values of θ′′, where the red points correspond to where
the quantity U2 is greater than a threshold value of 10−7. It is therefore evident that, in the hierarchical case,
the greater U2, the better is the relation of eq. (21) verified, due to the large values of θ′′ necessary to obtain
an enhancement in U2. We observe that such a correlation is not necessary in case of low-energy seesaw like the
inverse one [9, 10] where one can have very low masses for HNLs but with order one Yukawa couplings in a natural
way differently from type-I seesaw, where for HNLs masses in the range (0.1 ÷ 10) GeV tiny Yukawa couplings
MD/v (where v is the electroweak v.e.v.) of order of 10−8 ÷ 10−6 are necessary.
4 Conclusions
We study analytically and numerically a type-I seesaw neutrino mass mechanism with two heavy neutral leptons
(right-handed neutrinos). This kind of seesaw mechanism will be investigated at SHiP through the measurement
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Figure 2: Left panel: U2e,µ,τ ratios obtained in our numerical model-independent analysis. Right panel: Phases
of the element MD11 and MD12, where the red points correspond to U2 ≥ 10−7, while the gray points have
U2 ≤ 10−7.
of the active-sterile mixing angle U2. Contrary to a naive expectation, which would presume U2 to be of order
10−11 for HNLs masses of order of ∼ 1GeV, the seesaw is actually able to predict mixing angles in the range
(10−11, 10−1), confirming previous results. Of course, this seesaw admitted region is further constrained from data
coming from colliders, BBN and neutrinoless double beta decay. We find that, in order to obtain such extreme
values for U2, some specific relations between the phases of the Dirac coupling are to be satisfied.
In our numerical analysis we have also included neutrinoless double beta decay experimental bounds that do not
provide any restriction for SHiP.
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